The Fermi Large Area Telescope has provided the most detailed view toward the Galactic Centre (GC) in high-energy gamma rays. Besides the interstellar emission and point-source contributions, the data suggest a residual diffuse gamma-ray excess. The similarity of its spatial distribution with the expected profile of dark matter has led to claims that this may be evidence for dark matter particle annihilation. Here, we investigate an alternative explanation that the signal originates from millisecond pulsars (MSPs) formed in dense globular clusters and deposited at the GC as a consequence of cluster inspiral and tidal disruption. We use a semi-analytical model to calculate the formation, migration, and disruption of globular clusters in the Galaxy. Our model reproduces the mass of the nuclear star cluster and the present-day radial and mass distribution of globular clusters. For the first time, we calculate the evolution of MSPs from disrupted globular clusters throughout the age of the Galaxy and consistently include the effect of the MSP spin-down due to magnetic-dipole breaking. The final gamma-ray amplitude and spatial distribution are in good agreement with the Fermi observations and provide a natural astrophysical explanation for the GC excess.
INTRODUCTION
The Large Area Telescope instrument on board the Fermi Gamma-Ray Space Telescope (Fermi-LAT) has provided high-quality data in the energy range from 20 MeV to over 300 GeV. Several groups analysed the data toward the region surrounding the Galactic Centre (GC) (Gordon & Macias 2013; Abazajian et al. 2014; Calore et al. 2015a,b; Petrovic et al. 2015; Ajello et al. 2016) . Such analyses found a gamma-ray excess around the GC, peaking at ≈ 2 GeV, with approximately spherical density profile ∝ r −2.4 , out to 3 kpc from the GC. Due to the similarity with the predicted radial distribution of dark matter (e.g., Navarro et al. 1997) , dark matter annihilation has been suggested as a possible explanation for the GC excess. However, this interpretation is challenged by non-detection of the corresponding signal from dwarf spheroidal satellite galaxies of the Milky Way (Albert et al. 2017 ). These galax-⋆ E-mail: giacomo.fragione@mail.huji.ac.il † E-mail: fabio.antonini@northwestern.edu ies are strongly dark-matter dominated and should produce a detectable signal if dark-matter annihilation was indeed the cause of the GC excess. In addition, Ajello et al. (2017) have recently shown that the dark matter interpretation cannot account for the observed properties of the population of pulsar candidates in the Fermi Collaboration's analysis.
An alternative explanation is the emission of thousands of unresolved milli-second pulsars (MSPs) (Brandt & Kocsis 2015; Bartels et al. 2016; Abbate et al. 2017; Arca-Sedda, Kocsis & Brandt 2017; Ajello et al. 2017) , which have very similar gamma-ray spectral energy distribution to that of the GC excess (Abazajian et al. 2014; Brandt & Kocsis 2015) . Recently, Lee et al. (2015) and Bartels et al. (2016) showed evidence of the existence of an unresolved MSP population in the inner 20
• of the GC, with the spatial distribution and total flux consistent with the Fermi data. MSPs are thought to be related to low-mass X-ray binary (LMXB) systems. X-rays in these systems are emitted by an accretion disk of a neutron star, which is stripping the outer layers of the companion star. The resulting transfer of angular momentum decreases the rotation period of the pulsar to milliseconds. Such binary systems form in dense environments where the rate of stellar dynamical encounters is high. In situ formation of MSPs at the GC is disfavoured since LMXBs are quite rare in the bulge of our Galaxy Haggard et al. 2017) . Brandt & Kocsis (2015) , following an idea first proposed by Abazajian & Kaplinghat (2012) and Bednarek & Sobczak (2013) , suggested instead that the excess may be explained by the population of MSPs left in the inner region of the Milky Way as a consequence of globular cluster disruption (Antonini et al. 2012; Antonini 2013; Fragione, Ginsburg & Kocsis 2017) . In this model, the MSPs are formed in globular clusters, which migrate inward through dynamical friction and tidally dissolve in the GC, leaving behind a population of MSPs and LMXBs. While the population of LMXBs is expected to exhaust its energy and become too faint to be detected after ∼ 10 8 yr, the MSP population would last much longer due to the long timescales needed for significant spin-down. This is consistent with the few (42) LMXBs observed by INTEGRAL within a 10
• radius around the GC (Haggard et al. 2017) . Does the MSP explanation work in detail? Brandt & Kocsis (2015) argued that it results in the amplitude, angular distribution, and spectral signatures of the gamma-ray excess that are in good agreement with observations. They assumed the same gamma-ray luminosity per unit mass for the disrupted clusters as for present-day clusters, but did not include the spin-down of MSPs as a consequence of magnetic-dipole braking. Hooper & Linden (2016) suggested that, if the MSP spin-down was taken into account, such an astrophysical explanation could account for only a small fraction of the excess, while Petrovic et al. (2015) pointed out the importance of details of the MSP luminosity function and the secondary emission via inverse Compton losses of electrons injected in the interstellar medium. Moreover, Hooper & Mohlabeng (2016) and Hooper & Linden (2016) argued that in this scenario Fermi should have spotted tens of point sources within ≈ 10
• of the GC. In contrast, Ajello et al. (2017) showed that a model that assumes ≈ 2.7 pulsars in the Galactic disk for each pulsar in the bulge is consistent with the population of known gamma-ray pulsars as well as with the spatial profile and energy spectrum of the GC excess. Thus there is still no consensus on the origin of the gamma-ray excess.
In this paper, we reconsider the MSP scenario in greater detail. We model the formation and disruption of Galactic globular clusters across all cosmic time and calculate the amount of MSPs deposited in the Galactic bulge as a consequence of cluster disruption. Unlike Brandt & Kocsis (2015) , we take into account the merger history of globular clusters across the age of the Milky Way and the spindown of the MSPs due to magnetic-dipole braking selfconsistently. Unlike Hooper & Linden (2016) , we adopt a spin-down distribution that is more consistent with observational constraints (Freire et al. 2001a,b; Prager et al. 2017) . This allows us to estimate the present day gamma-ray luminosity from the bulge more accurately and compare it with the observed GC excess more consistently.
Our paper is organized as follows. In Section 2, we describe our semi-analytical model to create and evolve the population of Galactic globular clusters. We also present our model to evolve MSP luminosities and our choice of the MSP spin-down timescale distribution. In Section 3, we show that our results agree with the most recent measurements of the GC excess. In Section 4, we discuss our results and compare them to previous works. In Section 5, we summarize our conclusions.
MODEL FOR THE GAMMA-RAY LUMINOSITY OF MILLI-SECOND PULSARS
In this section, we describe the equations used to estimate the present gamma-ray luminosity generated by the emission of MSPs. First, we describe our model for the formation and dynamical evolution of globular clusters across the age of the Galaxy, including stellar mass loss, tidal stripping of stars, and tidal disruption. Then we introduce the equations that we used to compute the evolution and spin-down of the MSP population, and describe the observational constraints on the distribution of spin-down period. Finally, we derive a log-linear relation between the mass of globular clusters and their gamma-ray luminosity.
Globular cluster formation and evolution
We use the Gnedin et al. (2014) model to evolve the Milky Way's globular cluster population. Here we briefly discuss the equations used to calculate the model. Since the total mass of the globular cluster system is roughly proportional to the total stellar mass in massive galaxies at the present time, we assume that the cluster formation rate was a fixed fraction fGC,i of the overall star formation rate
We set fGC,i = 0.011. This choice leads to a mass of 3.3×10 7 M⊙ deposited within 20 pc of the GC by the present time. This is consistent with the observed mass of the nuclear star cluster, inferred by Schödel et al. (2017) (see left panel of Figure 1 ). Thus, we work under the assumption that a large fraction of the Milky Way mass inside ∼ 100pc was brought in by infalling globular clusters (Antonini et al. 2012) . While observations show that in-situ star formation also contributed to the build up of the stellar populations inside ∼ 1pc (e.g., Feldmeier-Krause et al. 2017) , the relative contribution of the two formation channels (in-situ vs cluster inspirals) remains an open question. Moreover, we assume that the initial density distribution of clusters is proportional to the density distribution of field stars formed at the same epoch. Hence we initialize the globular clusters in a spherical distribution, proportional to that of the field stars, and treat their position as the time-averaged radius of an assumed orbit, as in Gnedin et al. (2014) . As discuss later in §2.2, we model the Galactic stellar distribution using either a Sersic profile (Gnedin et al. 2014) or a bulge plus disk model (Kenyon et al. 2014) .
We assume that clusters formed at redshift z = 3, and calculate their evolution for 11.5 Gyr until today. As discussed in Gnedin et al. (2014) , this assumption is justified since most globular clusters are old ( 10 Gyr) and metalpoor, and z = 3 should be interpreted as the epoch of the peak of globular cluster formation rate. The initial mass of Gnedin et al. (2014) and Kenyon et al. (2014) potential models. The black point at 3.3 × 10 7 M ⊙ is the stellar mass of the nuclear cluster inside 20 pc as measured by Schödel et al. (2017) . Right: Number density of Galactic globular clusters surviving to the present time for Gnedin et al. (2014) and Kenyon et al. (2014) potential models, compared with the number density of observed Milky Way's globular clusters (2010 ( version of Harris 1996 . the clusters is drawn from a power-law distribution
with Mmin = 10 4 M⊙ and Mmax = 10 7 M⊙. As shown in Gnedin et al. (2014) , the results are insensitive to the choice of Mmin since low-mass clusters are expected to be quickly disrupted by the Galactic tidal field. On the other hand, the shape of the cluster mass function at present day and the total amount of cluster debris accumulated at the centre depend on the choice of Mmax. The parameter values above were chosen by Gnedin et al. (2014) to reproduce the observed cluster distribution.
Following their formation, globular clusters start losing mass via three mechanisms: stellar winds, dynamical ejection of stars through two-body relaxation, and stripping of stars by the Galactic tidal field. The time-dependent stellar mass loss rate has been computed by Prieto (2008) for a Kroupa (2001) stellar IMF. The mass loss rate due to twobody relaxation and tidal stripping is combined as
where
is the typical tidal disruption time for Galactic globular clusters (e.g., Gieles & Baumgardt 2008) , where
is the normalized rotational period of the cluster orbit, which takes into account the strength of the local Galactic tidal field. Here Vc(r) is the circular velocity at distance r from the GC.
When a cluster arrives in the immediate vicinity of the GC, if the tidal forces are strong enough, the cluster can be torn apart since the stellar density at a characteristic place in the cluster, such as the core or half-mass radius, falls below the ambient density. Following Gnedin et al. (2014), we adopt the average density at the half-mass radius for M 10 6 M⊙ (6) The above equation limits ρ h to 10 5 M⊙ pc −3 in the most massive clusters, that is about the highest observed halfmass density. A cluster is considered disrupted if the average density at the half-mass radius becomes smaller than the ambient density
Here ρ * (r) is composed both of the field stellar mass and the growing mass of the nuclear stellar cluster. As the nuclear cluster begins to build up, its stellar density will exceed even the high density of infalling globular clusters and these clusters will be directly disrupted before reaching the galaxy centre. Gnedin et al. (2014) also included the effect of dynamical friction on cluster orbits. The orbital radius r of a cluster evolves according to
Galactic gravitational potential
We use two different models to describe the Milky Way potential. First, we use a 4-component model "K14" ( Kenyon et al. 2008 Kenyon et al. , 2014 Fragione & Loeb 2017) 
that includes a central black hole (MBH = 4 × 10 6 M⊙), a bulge (M bul = 3.76 × 10 9 M⊙ and a = 0.1 kpc; Hernquist 1990), a disk (M disk = 5.36 × 10 10 M⊙, b = 2.75 kpc and c = 0.3 kpc; Miyamoto & Nagai 1975) , and a dark matter halo (MDM = 10 12 M⊙ and rs = 20 kpc; Navarro et al. 1997 ). We also consider a second model "G14" (Gnedin et al. 2014) , where the bulge and the disk are replaced by a Sérsic (1963) profile with total mass MS = 5 × 10 10 M⊙ and effective radius Re = 4 kpc. Figure 1 confirms that our models match observational constraints on the mass of the Milky Way nuclear cluster and on the spatial radial distribution of the remaining globular cluster system. The left panel shows that the total mass deposited by globular clusters at the end of the simulation for both potential models is consistent with the observed mass inside 20 pc. The right panel shows that the number density of globular clusters surviving to the present time is consistent with the number density of observed Milky Way's globular clusters.
Evolution of milli-second pulsars
The gamma-ray luminosity of a given pulsar is taken to evolve with time as
where Lγ,0 is the initial luminosity and τ is the characteristic spin-down timescale for a MSP to lose its rotational kinetic energy
where P andṖ are the MSP rotational period and its derivative, respectively. Recently, O'Leary et al. (2016) have argued that Lγ ∝ (1 + (t/τ ) 1/2 ) −1 is more consistent with the data, which would make MSPs slower to lose energy. The shape of the τ distribution and its relation to Lγ turn out to be the two most important ingredients controlling the final contribution to the GC excess due to the MSPs coming from disrupted globular clusters. Freire et al. (2001a,b) used 10 years of observations of NGC 104 (47 Tuc) to probe the cluster's MSP population. For most of the MSPs, they were able to measure the observed period derivativeṖ obs . In general,Ṗ obs is given by the sum Ṗ
where the first term is the intrinsic MSP spin-down (Prager et al. 2017 )
and the others are contamination terms. The terms a1 and a2 are due to the difference in Galactic acceleration between NGC 104 and the barycentre of the Solar System along the line of sight and the acceleration of the MSP in the cluster potential (Freire et al. 2001a) , respectively, while a3 is the Shklovskii (1970) effect due to the proper motion, which is not negligible for MSPs (Abdo et al. 2013) . After correcting for spurious contributions, Freire et al. (2001a,b) found that the average characteristic age of the pulsars is larger than ≈ 1 Gyr, and no MSP was detected with τ 200 Myr.
Hooper & Linden (2016) estimated that, if the spindown was applied to the MSPs deposited by globular clusters, such a population would account only for a few percent of the total GC excess. However, their calculation contains two caveats. First, their model did not consider the history of globular cluster formation and disruption in the GC. Clusters inspiral in the GC at different times depending on their mass, and where they are formed in the Galaxy. Second, they draw τ ∝ L −1 γ and, more importantly, their distribution of spin-down times is inconsistent with observational constraints on the τ distribution in globular clusters (Freire et al. 2001a) . Figure 2 shows that the distribution of τ (normalized to the peak value) used in Hooper & Linden (2016) peaks at τ ≪ 1 Gyr, in contrast with the observations of Freire et al. (2001a) . Thus, by adopting the small values of τ , the Hooper & Linden (2016) model overestimates the effect of spin-down and underestimates the total gamma-ray luminosity in the GC.
Figure 2 also shows two additional distributions of τ (normalized to the peak value), which we use for our models. In model GAU, we adopt a Gaussian distribution with mean of 3 Gyr, consistent with Freire et al. (2001a) , who found a characteristic age of ≈ 3 Gyr for MSPs in NGC 104. In model LON, we compute the spin-down rate via Eq. 14, by sampling magnetic fields from a log-normal distribution with mean of 10 8.47 G and standard deviation of 0.33 and by sampling periods from a log-normal distribution with P0 = 3 ms and σP = 0.234 (Prager et al. 2017 ). In this model, the τ distribution has a mean around 1 Gyr, but also a nonnegligible tail at larger τ . Since our distributions predicts larger values of τ than in Hooper & Linden (2016) , they produce lower spin-down rates and higher total gamma-ray luminosity. Table 2 lists the mass and gamma-ray flux of Galactic globular clusters, according to the analysis of Fermi data by Hooper & Linden (2016) . To calculate the globular cluster masses, we convert the absolute V magnitudes of Harris (1996 Harris ( ) (2010 by assuming a typical massto-light ratio of 1.5 M⊙/L⊙ (Harris et al. 2017) . No absolute V magnitude was found for GLIMPSE C02. Distances for 2MASS-GC01 and 2MASS-GC02 are taken from Bica & Bonatto (2008) , for GLIMPSE C02 and GLIMPSE C01 from Kurtev et al. (2008) and Davies et al. (2011) , respectively, and the rest are from Hooper & Linden (2016) . Table 2 also gives the best fit parameters of the cluster energy spectra of the form dNγ /dEγ ∝ E −α γ exp(−Eγ/Ecut) (Hooper & Linden 2016) .
MSPs from globular cluster debris
From the data in Table 2 , we calculate the ratio between the gamma-ray luminosity Lγ and mass MGC for each cluster. Figure 3 shows the ratio Lγ /MGC as a function of cluster mass. We fit the data with the log-linear relation log(Lγ /MGC ) = 32.66 ± 0.06 − (0.63 ± 0.11) log MGC . (15) We note that Palomar 6, GLIMPSE C01, and 2MASS-GC02 have relative large errors (≈ 25%, 13%, and 25%, respectively) in the determination of the gamma-ray flux (see Hooper & Linden 2016) . We repeated the fit without these three clusters and found that the resulting log-linear relation does not change significantly. Brandt & Kocsis (2015) used the 2 GeV fluxes of 11 globular clusters as measured by Cholis et al. (2015) to estimate an average flux density per unit mass at 8.3 kpc. They used this average flux to scale the present-day stellar mass deposited by clusters in the GC as calculated in Gnedin et al. (2014) . The calculation of Brandt & Kocsis (2015) did not take into account that Lγ ∝ M 0.37 according to Eq. 15, and that after a MSP is deposited in the GC its gamma-ray luminosity decreases in time according to Eq. 11. In our models, we follow the gradual disruption of globular clusters across cosmic time and use Eq. 15 to infer the MSP population left by a cluster of given mass. As MSPs are deposited in the GC, we evolve their initial luminosity taking into account energy loss due to magnetic-dipole breaking, according to Eq. 12. This allows us to calculate and compare the present day gamma-ray luminosity with the Fermi GC excess data.
RESULTS
We evolve the globular cluster population according to the model in §2 and compute the mass deposited by each globular cluster as a function of time t and radius r from the GC. At each time t we compute the amount of gamma-ray luminosity expected from all MSPs left in the cluster debris, L dep γ,tot (t), using the mass-to-light ratio distribution of Eq. 15. We then generate a sample of individual MSPs by drawing from the power-law distribution
between Lγ,min = 10 31 erg s −1 and Lγ,max = 10 36 erg s −1 , which are approximately the minimum and maximum observed MSP luminosities (Ajello et al. 2017 ). We sample from the above distribution until the total luminosity from the deposited MSPs equals L dep γ,tot (t). This gives us the number of MSPs, NMSP(t). Note that the slope and limits of the MSP luminosity distribution are uncertain, mainly because of the incompleteness of the pulsar sample and variations in detection efficiency across the sky (Petrovic et al. 2015; Bartels et al. 2016) . As a reference, Ajello et al. (2017) found α = 1.20 ± 0.08 by fitting the field pulsar data (Manchester et al. 2005; Abdo et al. 2013) .
We assume that the formation and disruption rates of MSPs while in bound clusters balance each other, so that the number of MSPs per unit luminosity is constant until the cluster is fully disrupted by the Galactic tidal field. After a MSP is released from its parent cluster we evolve its spin period and luminosity according to the value of τ drawn from the adopted distribution. Specifically, we evolve the initial luminosity of each MSP by means of Eq. 11, respectively, from the time t when it is deposited in the GC up to the present time of ≈ 13.7 Gyr. Finally, we sum over the luminosity of all deposited MSPs and compare the spatial and luminosity profiles with the observations. To improve the statistical significance of the results, we average over 1000 random realizations of the model. We assume a GC distance of 8.3 kpc.
The predicted gamma-ray flux
We first describe the results for the NSD, GAU-K14, and LONG-K14 models with α = 1, and then consider variations due to different choices of the model parameters α, Mmax, and Lγ,max.
The gamma-ray luminosity of a MSP decreases (Eq. 11) as a consequence of the energy loss due to magnetic-dipole emission as Lγ ∝ (1 + (t/τ ) 1/2 ) −2 . Consequently, a period distribution peaked at small values and without a considerable tail at high τ 's, as in Hooper & Linden (2016) , implies that each MSP spins down very rapidly and has a final luminosity that is only a few percent of its initial value. Our Model GAU is a Gaussian peaked at τ = 3 Gyr, while Model LON distribution is peaked at τ ≈ 1 Gyr. Hence, on average, MSPs deposited in the GC more than a few Gyr ago will have had enough time to spin-down considerably and would not contribute much to the total final luminosity. However, in both models there is a non-negligible tail at τ 5 Gyr so that the final luminosity will be dominated by ancient MSPs with long spin-down timescales.
In Fig. 4 , we compare our predicted integrated and differential gamma-ray flux at 2 GeV with the analysis of the Fermi excess data reported in the literature ( Ajello et al. 2016; Daylan et al. 2016; Lacroix et al. 2016; Ackermann et al. 2017) . Different authors adopt different methods for data analysis and focus on different regions of interest (ROI), i.e. the width of the region centered on the GC in which they collect data. Some authors present integrated flux analysis in the ROI, while others prefer differential fluxes. Fig. 4 shows that the gamma-ray flux predicted by Model NSD, in which the spin-down is not taken into account, is about one order of magnitude larger than in other models and in observations. Therefore, Model NSD is ruled out by current data. On the other hand, Models GAU-K14 and LONG-K14 are consistent with the data throughout the whole relevant radial range, except at very small angles (β ≈ 0.2
• ) where our model luminosity is about a factor of two smaller than observed. Note that the complex models of interstellar emission subtracted from the raw Fermi data produce large systematic uncertainty within the ROI Abazajian et al. 2014; Calore et al. 2015a) . Errors arise from the assumptions used to derive the model and may potentially have a large effect on the characterization of the different gamma-ray sources in Fermi data (Abazajian et al. 2014) . The Galactic diffuse background is the dominant component and confusion source within the ROI (Zhou et al. 2015; Huang, Enßlin, & Selig 2016) . Moreover, modeling of the bremsstrahlung emission of highenergy electrons interacting with the molecular gas contributes additional uncertainty. When the GC excess is interpreted with MSP emission, Petrovic et al. (2015) showed that another relevant source of uncertainty may be the endpoint of the MSP luminosity function. Calore et al. (2015a) found that the spatial profile of the excess is well described by a power-law r −ζ , with ζ ≈ 2.2 − 2.9, and Calore et al. (2016) pointed out that variations of the spatial index ζ within the 1σ range could affect the total gamma-ray luminosity by up to 40%. Given the uncertainties in data analysis and modeling, we conclude that the radial profile and normalization of the gamma-ray flux predicted by Models GAU-K14 and LONG-K14 are in reasonable good agreement with current observational constraints.
Model uncertainties
In order to explore the effect of other uncertain factors and model parameters, we run additional simulations varying the Galactic potential, the extremes of the MSP gamma-ray luminosity, and the extremes of the globular cluster mass function (see Tab. 1).
The models in which we consider the G14 potential model or a different minimum gamma-ray luminosity Lγ,min do not lead to substantial differences with respect to the results presented in Fig. 4 . Bartels et al. (2016) found that a power-law luminosity function with α = 1.5 and Lmax = 7 × 10 34 describes the photon clustering in the data due to the the GC excess. On the other hand, Petrovic et al. (2015) argued that a 50% change in maximum luminosity Lγ,max can translate into about one order of magnitude change in the expected number of detected sources. We repeated our calculations with Lγ,max reduced to 10 35 erg s −1 , and found that even in this case the total gamma-ray luminosity decreases at most by a factor of two. The decrease can be readily explained by noting that MSPs with large luminosity dominate the total gamma-ray emission, which are less abundant if Lγ,max = 10 35 erg s −1 . We also explored the effect of the maximum globular cluster mass. We considered the range Mmax = 5 × 10 6 − 2 × 10 7 M⊙ (as in Gnedin et al. 2014) and found that the total gamma-ray luminosity increases at most by about a factor of two when Mmax = 2 × 10 7 M⊙. Our results are insensitive to the choice of Mmin, since light clusters are expected to be rapidly disrupted by the Galactic tidal field before reaching the GC (Gnedin et al. 2014) . In order to quantify how sensitive our results are to the assumed fraction of the nuclear cluster mass coming from globular clusters, we also evolved a model with fGC,i = 0.008. With this choice, the total mass transported in the inner 20 pc was half that in our fiducial models, while the total predicted gamma-ray emission (within 10 deg) decreased only by 3%.
We note that Eq. 15 predicts Lγ ∝ M 0.37 GC . However, the correlation between Lγ and the present-day cluster mass may not hold for the initial population. The evolution of the MSP population of globular clusters, and hence of their gamma-ray luminosity, is still not well understood and deserves future work. To test the dependence of the adopted Lγ − MGC relation on our results, we run our models with Lγ /MGC = const = 4.57 × 10 29 erg s Table 2 ). Fig. 4 illustrates that both model GAU-K14C and model LON-K14C tend to overestimates the GC gamma-ray excess by a factor of ∼ 2 and ∼ 5, respectively.
As discussed above, a key ingredient in the determination of the final gamma-ray luminosity is the characteristic spin-down τ . Figure 5 shows the final Lγ of MSPs as function of the time they were left in the GC by infalling clusters for Model GAU-K14 and Model LON-K14 for α = 1. In both models, about half of the total final luminosity comes from MSPs that were born in the first few Gyr. Moreover, while Model GAU-K14 predicts that the most luminous MSPs were left up to ≈ 3 Gyr ago, Model LON-K14 also contains MSPs that were left in the GC in the first Gyr but remained very luminous because of the long tail of τ . Moreover, the relation between Lγ and τ via Eq. 11 is also important. Note that we assume the spin-down timescale to be independent on Lγ , while Hooper & Linden (2016) assumed O'Leary et al. (2016) have argued that Lγ ∝ (1 + (t/τ ) 1/2 ) −1 is more consistent with that data, which makes MSPs less efficient in losing energy and gives a larger GC gamma-ray excess. Figure 6 illustrates the final luminosity distribution of MSPs for our three models with the K14 Galactic potential. In all models with different τ distribution, varying the power-law slope α leads to modification of the shape (flattening) of the luminosity distribution at small Lγ . However, the high-luminosity end (Lγ 10 34 erg s −1 ) is not significantly affected. Since the less luminous MSPs do not contribute much to the gamma-ray excess, which is dominated by the few most luminous MSPs, our conclusions are insensitive to the particular choice of α.
DISCUSSION
The predicted gamma-ray flux and spatial distribution of MSPs from globular cluster disruption are both consistent with the GC excess data. Figure 7 compares the integrated flux within angle β from the GC for our three fiducial models (with α = 1) to the Brandt & Kocsis (2015) and Hooper & Linden (2016) results. Brandt & Kocsis (2015) computed the gamma-ray luminosity per unit stellar mass for the globular clusters using the 2 GeV flux data measured by Cholis et al. (2015) . They assumed the same gamma-ray luminosity per unit mass as for intact clusters (average 2 GeV flux density at 8.3 kpc of 2 × 10 −15 GeV cm
⊙ ) and predicted the integrated flux in γ-rays without additional parameters by scaling the total mass deposited by clusters in the GC with the average gamma-ray luminosity. Hooper & Mohlabeng (2016) argued that the model of Brandt & Kocsis (2015) did not take into account the spin-down of MSPs, and that if this effect was included in the calculation only of a few percent of the GC gamma-ray excess may be explained. As noted by Hooper & Linden (2016) , when a globular cluster is dis- rupted and its MSP population deposited in the GC, this population evolves losing their rotational energy through magnetic dipole breaking, becoming less luminous with time.
Unlike Brandt & Kocsis (2015) , we did consider the history of the MSP population deposited into the GC as their parent globular clusters lose mass and finally dissolve across the Milky Way's history. We have taken into account that the gamma-ray luminosity contributed by each cluster depends on its mass through the mass-to-light distribution Eq. 15. These new ingredients preclude a direct comparison of our Model NSD to the results of Brandt & Kocsis (2015) , and explain why the two models do not lead to similar gamma-ray amplitude and spatial distribution. In addition to this, we evolved the deposited MSP population by taking into account their energy loss in our Model GAU and Model LON. Our study shows that taking into account both the details of the merger hostory of the globular clusters and the MSP spin-down is critical to determining the final shape of the gamma-ray excess as due to MSPs.
On the other hand, the Hooper & Linden (2016) model assumed a spatial profile dN/dV ∝ r −2.4 for MSPs and used τ ∝ L −1 γ and a distribution of spin-down timescales (see Fig. 2 ) peaked at ≈ 0.25 Gyr. While the spatial template is roughly consistent with the deposited mass by globular clusters, the spin-down distribution is in tension with observations (Freire et al. 2001a,b) . Consequently, the Hooper & Linden (2016) model underestimates the final MSP gamma-ray luminosity by roughly one order of magnitude.
Regarding the observability of individual MSPs responsible for the GC excess, Cholis et al. (2015) claimed that nearly 60 Galactic bulge pulsars should already have been present in the Fermi-LAT catalog, if the excess is due to MSPs. Lee et al. (2015) and Bartels et al. (2016) published evidence for the existence of an unresolved population of γ-ray sources in the inner ≈ 20
• of the Galaxy, with a total flux and spatial distribution consistent with the Fermi excess. These faint sources have been interpreted as belonging to the Galactic bulge pulsar population. MSPs could also be observed in radio frequencies. Calore et al. (2016) investigated the possibility of detection of this pulsar population in radio waves, but found that current radio telescopes are not sensitive enough to radio flux of MSPs in the bulge.
Recently, Ajello et al. (2017) studied the sensitivity of the Fermi -LAT for detecting pulsars as point sources in the GC. They concluded that the Fermi detection efficiency is low near the Galactic plane because of the bright foregrounds, while γ-ray pulsars within a few degrees of the GC are hard to detect due to source confusion. For source densities 5 deg −2 , the efficiency is around 50%, and lower at higher density. Their maximum likelihood analysis suggested that a population of ≈ 2.7 gamma-ray pulsars in the Galactic disk for each pulsar in the Galactic bulge (distributed as dN/dV ∝ r −2.6 ) is consistent with the number of known pulsars and related sources in the Fermi catalog. This model is preferred at the level of 7 standard deviations with respect to a model with MSPs only in the disk. They concluded that, if MSP emission have to explain the GC excess, the Galactic bulge pulsar population must include ≈ 500 − 2300 sources, most of them unresolved. Moreover, they found that the dark matter interpretation of the gamma-ray excess is highly disfavored since it is not consistent with the observed distribution of pulsar candidates.
CONCLUSIONS
The Fermi-LAT telescope provided evidence of the gammaray excess toward the region surrounding the GC, peaked at ≈ 2 GeV. The excess has a spherical density distribution, similar to that of a typical dark matter halo. This similarity has led to the interpretation of the signal as being due to dark matter particle annihilation. An alternative explanation to the excess is that it comes from the emission of thousands of unresolved MSPs.
In this paper, we discussed in detail the possibility that the Fermi GC excess is due to an unresolved population of MSPs in the bulge. Such MSPs come from the debris of globular clusters that were disrupted by the Milky Way's tidal field, as suggested by Brandt & Kocsis (2015) . We used a semi-analytical model to calculate the formation, migration, and disruption of globular clusters throughout the age of the Galaxy. We considered several variants of the model and showed that the most important ingredient in this scenario is the typical MSP spin-down rate. If it is not included, the resulting total γ-ray luminosity predicted by the globular cluster model is about one order of magnitude larger than the observed Fermi excess. When we take into account the pulsar spin-down and use a distribution of characteristic periods consistent with that of observed MSPs in globular clusters, the model reproduces the observed radial distribution and total luminosity of the excess, giving a natural astrophysical motivation to the GC gamma-ray excess. discussions about the observed gamma-ray excess in the Galactic Centre and the modeling of MSP emission. FA acknowledges support by a CIERA postdoctoral fellowship at Northwestern University and the NASA Fermi Grant NNX15AU69G under which this project was initiated. OG acknowledges support from NASA through grant NNX12AG44G and from NSF through grant 1412144.
